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Objectives Systei”

The objective of this lecture is to understand :

m The foundational principles of decision-making in machine learning,
including from a probabilistic perspective.

m The different errors and risk measures associated with a machine
learning problem.

m Their optimal formulations and key decompositions, including the
bias-variance decomposition.

m The intuitions behind standard decision rules.

m Practical applications showcased through selected machine learning
algorithms.
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Supervised Learning Systeim

m The data are represented by a random pair (X,Y) € X x ) where X is a vector
of descriptors for some variable of interest Y
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Supervised Learning Systeim

m The objective is Prediction, i.e. to seek for a prediction function h : X — Y for
which ¥ = h(x) is a good approximation of the true output y
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Supervised Learning Systeim

m The objective is Prediction, i.e. to seek for a prediction function h : X — Y for
which ¥ = h(x) is a good approximation of the true output y

m Problems : typically X; € R?, Y € Y = R? for regression and
Y ey ={0,1},{-1,41} or {1,--- , K} for classification
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Supervised Learning Systeim

m The objective is Prediction, i.e. to seek for a prediction function h : X — Y for
which ¥ = h(x) is a good approximation of the true output y

m Problems : typically X; € R?, Y € Y = R? for regression and
Y ey ={0,1},{-1,41} or {1,--- , K} for classification

— We will mainly focus on parametric probabilistic models of the form
Y =h(X)+ee~po
with the conditional distr. P(Y|X, h) can be computed in terms of Py(Y — h(X)).
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Supervised Learning Systemx

m Data : a random sample (X, Y;)i= with observed values D,, = (s, ¥:)i=;
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Supervised Learning Systeim

m Data : a random sample (X, Y;)i= with observed values D,, = (s, ¥:)i=;

m Data-Scientist’s role : given the data, choose a prediction function h from a
class H that attempts to “minimize” the prediction error for of all possible data
(risk) R(h), under a loss function £ measuring the error of predicting Y by h(X).
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Supervised Learning Systeim

m Data : a random sample (X, Y;)i= with observed values D,, = (s, ¥:)i=;

m Data-Scientist’s role : given the data, choose a prediction function h from a
class H that attempts to “minimize” the prediction error for of all possible data
(risk) R(h), under a loss function £ measuring the error of predicting Y by h(X).

< minimize the empirical risk (data-D,-driven) R, (h)
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Supervised Learning Systeim

m Data : a random sample (X, Y;)i= with observed values D,, = (s, ¥:)i=;

m Data-Scientist’s role : given the data, choose a prediction function h from a
class H that attempts to “minimize” the prediction error for of all possible data
(risk) R(h), under a loss function £ measuring the error of predicting Y by h(X).

< minimize the empirical risk (data-D,-driven) R, (h)

— Minimizing R, (h) always requires an optimization algorithm A
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Supervised Learning Systemx

m Data-Scientist’s “Toolbox” : {Data, loss, hypothesis, algorithm}
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Prediction/decision function

h: X =Y

z — h(x)

is a decision/prediction function, parametric or not, linear or not, ...
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Prediction/decision function

h: X =Y

z — h(x)

is a decision/prediction function, parametric or not, linear or not, ...

Example : Linear prediction functions
h: RP - R

z— (z,0) =0Tz
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Prediction/decision function

h: X =Y

z — h(x)

is a decision/prediction function, parametric or not, linear or not, ...

Example : Linear prediction functions
h: RP - R

z— (z,0) =0Tz

The predicted values of Y;'s for new covariates X; = x;s correspond to

Ui = h(z:)

Example : Linear prediction functions (cont.) : §; = (x;,0) = 07 a;
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Prediction/decision function

h: X =Y

z — h(x)

is a decision/prediction function, parametric or not, linear or not, ...

Example : Linear prediction functions
h: RP - R

z— (z,0) =0Tz

The predicted values of Y;'s for new covariates X; = x;s correspond to

Ui = h(z:)

Example : Linear prediction functions (cont.) : §; = (x;,0) = 07 a;

Q : How good we are in prediction on a particular pair (z,y)?
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Loss

0:YxY—R
(y, h(z)) = L(y, h(x))

It measures how good we are on a particular pair (z,y).
(We assume that the distribution of the test data is the same as that of the training.)
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Loss

0:YxY—R
(y, h(z)) = L(y, h(x))

It measures how good we are on a particular pair (z,y).
(We assume that the distribution of the test data is the same as that of the training.)

Examples of loss functions
m Square ({3)-loss :
Uy, h(z)) = (y — h(z))
m Absolute (¢1)-loss :
Uy, W(z)) = [y — h(z)]
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Loss

0:YxY—R
(y, h(z)) = L(y, h(x))

It measures how good we are on a particular pair (z,y).
(We assume that the distribution of the test data is the same as that of the training.)

Examples of loss functions
m Square ({3)-loss :
Uy, h(z)) = (y — h(z))
m Absolute (¢1)-loss :
Uy, W(z)) = [y — h(z)]
m Huber loss : ¢5(y, h(z)) =
3(y — h(x))* if |y — h(z)] <6,
{5 (ly — h(z)| — £6), otherwise.
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Loss

0:YxY—R
(y, h(z)) = L(y, h(x))

It measures how good we are on a particular pair (z,y).
(We assume that the distribution of the test data is the same as that of the training.)

Examples of loss functions
m Square ({3)-loss :
Uy, h(z)) = (y — h(z))
m Absolute (¢1)-loss :
Uy, W(z)) = [y — h(z)]
m Huber loss : ¢5(y, h(z)) =
Ly — h@)? i [y — h(@)] <4,
{5 (ly — h(z)| — £6), otherwise.
m logarithmic loss :
Uy, ho(x)) = —log(pe(z,y))
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Loss

0:YxY—R
(y, h(z)) = L(y, h(x))

It measures how good we are on a particular pair (z,y).
(We assume that the distribution of the test data is the same as that of the training.)

Examples of loss functions
m Square ({3)-loss : m “0-1" loss : £(y, h(z)) = Lp(a)2y
Uy, h(z)) = (y — h(z))
m Absolute (¢1)-loss :
Uy, W(z)) = [y — h(z)]
m Huber loss : ¢5(y, h(z)) =
3(y — h(x))* if |y — h(z)] <6,
{5 (ly — h(z)| — £6), otherwise.
m logarithmic loss :
Uy, ho(x)) = —log(pe(z,y))
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Loss

0:YxY—R
(y, h(z)) = L(y, h(x))

It measures how good we are on a particular pair (z,y).
(We assume that the distribution of the test data is the same as that of the training.)

Examples of loss functions

m Square (£3)-loss : m “0-1" loss : £(y, h(x)) = Ln(a)2y
Uy, h(z)) = (y — h(z))* Denoting £(y, h(z)) = ¢(yh(x)) and
m Absolute (¢1)-loss : u = yh(x)

Uy, h(z)) = ly — h(z)]
m Huber loss : ¢5(y, h(z)) =
3(y = h(@))* if ly — h(z)| <6,
5 (Jly — h(z)| — 16), otherwise.
m logarithmic loss :
Ly, ho(x)) = —log(pe(z,y)) m Exponential loss gexp(u) = exp(—u)

Hinge loss ¢ninge(u) = (1 —u)

Logistic loss
(blogistic(u) - IOg(l + exp(—u))

Square loss ¢square(u) = (1 - ’LL)2
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Examples of loss functions

~— Square Loss
—— Absolute Loss

—— Huber Loss (5 = 1)
~—— Huber Loss (5 = 5)

FIGURE — Some loss functions in regression. (curve of £(u) for u =y — h(z); y € R)
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FIGURE — Some loss functions in classification. (curve of ¢(u) for w = yh(z) and y € {—1,+1})
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Examples of loss functions in machine learning Systemx

m Squared (¢2)-loss :
Uy, h(z)) = (y — h(z))?

used in Ordinary Least Squares
(OLS) Also regression with Gaussian
noise

m Absolute (¢1)-loss :
L(y, h(z)) = |y — h(z)| used in least
absolute deviation (LAD) (Robust)
regression (idem Regression with
Laplace noise), and in some settings
for Lasso regression (for sparsity).

m Huber loss : 45(y, h(z)) =
Ly — h(z))?, ly —h(x)| <6
5(ly — h(x)| — 36), otherwise
used in Robust regression (to
mitigate the effect of outliers.).
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Examples of loss functions in machine learning Systemx

m Squared (¢2)-loss : m Logarithmic loss :
£(y, he(x)) = —log(pe(, y)) used in
2
Uy, h(z)) = (y — h(z)) Logistic regression

. . i i -likelih
used in Ordinary Least Squares and in many maximum-fikelihood

(OLS) Also regression with Gaussian
noise

estimation problems

m Absolute (¢1)-loss :
L(y, h(z)) = |y — h(z)| used in least
absolute deviation (LAD) (Robust)
regression (idem Regression with
Laplace noise), and in some settings
for Lasso regression (for sparsity).

m Huber loss : 45(y, h(z)) =
3(y — ()%, ly —h(z)| <6
5(ly — h(x)| — 36), otherwise
used in Robust regression (to
mitigate the effect of outliers.).
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Examples of loss functions in machine learning Systemx

m Squared (¢2)-loss :

Uy, h(z)) = (y — h(z))?

used in Ordinary Least Squares
(OLS) Also regression with Gaussian
noise

m Absolute (¢1)-loss :
L(y, h(z)) = |y — h(z)| used in least
absolute deviation (LAD) (Robust)
regression (idem Regression with
Laplace noise), and in some settings
for Lasso regression (for sparsity).

m Huber loss : 45(y, h(z)) =
3(y — ()%,
5(ly — h(x)| — 36), otherwise

used in Robust regression (to
mitigate the effect of outliers.).
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ly—h(z)| <6

Logarithmic loss :

L(y, ho(x)) = —log(pe(x,y)) used in
Logistic regression

and in many maximum-likelihood
estimation problems

Hinge loss :

Dhinge (1) = (1 — )
used in Support Vector Machines
Logistic loss :

Piogistic (1) = log(1 + exp(—u))

used in Logistic regression

0-1 loss : £(y, h(x)) = Lp(z)y used
in theoretical analysis of classifiers
(not differentiable) like Bayes




Risk quté‘rﬁ;v

m Risk : Given the pair (X,Y) with (unknown) joint distribution P, the error of
approximating Y by h(X) is measured by a chosen loss function £(Y, h(X)). Then,
the Risk associated to model/hypothesis h under loss [ is the Expected loss :

R(W) = Ep[(Y.h(X)] = [ by h()dP(a,y).
XxY

— prediction error that measures the generalization performance of h.
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RiSk qutemx

m Risk Examples
» Under the “0-1"-loss £(y, h(z)) = Lp(z)2y

R(h) = /Xxy Th(2)2ydP(2,y) = Ep[lym)2y] = P(A(X) #Y).

< This is the most used risk in classification
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RiSk qutemx

m Risk Examples

» Under the squared loss £(y, h(x)) = (y — h(z))? :
RO = [ (5 h@)dP(o,9) = Epl(Y ~ h(X)P)
XXy

< This is the most used risk in regression
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Risk quté‘rﬁ;v

m Risk : Given the pair (X,Y) with (unknown) joint distribution P, the error of
approximating Y by h(X) is measured by a chosen loss function £(Y, h(X)). Then,
the Risk associated to model/hypothesis h under loss [ is the Expected loss :

R(h) = Eple(Y, h(X))] =/X yﬁ(%h(af))dp(fc,y)

— prediction error that measures the generalization performance of h.

m Q : what is the best predictor h ? or equivalently, when the risk R(h) is optimal ?
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Optimal Risk Systei”

m R(h) = E[{(Y,h(X))] is the error of function h under loss £

m Q : What is the smallest possible error we can achieve (under loss ¢£)?
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Optimal Risk Systei

m R(h) = E[{(Y,h(X))] is the error of function h under loss £

m Q : What is the smallest possible error we can achieve (under loss ¢£)?

» R(h) is minimized at a Bayes decision function h* : X — ) satisfying

Vo € X, h*(z) € arg h%n)inyIE[E(Y,h(x)ﬂX = z]. [See proof in the next slid¢]
T)€E
» The Bayes risk R* is the risk of all Bayes predictors is equal to
R*=R(h*) = i%f R(h)

» The infimum risk R* (taken for all possible prediction functions h) is known
as the Bayes risk.

» A Bayes decision function ~* is a function that achieves the minimal risk R*
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Optimal Risk Systei

m R(h) = E[{(Y,h(X))] is the error of function h under loss £

m Q : What is the smallest possible error we can achieve (under loss ¢£)?

» R(h) is minimized at a Bayes decision function h* : X — ) satisfying

Vo € X, h*(z) € arg h%n)inyIE[E(Y,h(x)ﬂX = z]. [See proof in the next slid¢]
T)€E
» The Bayes risk R* is the risk of all Bayes predictors is equal to
R*=R(h*) = i%f R(h)

» The infimum risk R* (taken for all possible prediction functions h) is known
as the Bayes risk.

» A Bayes decision function ~* is a function that achieves the minimal risk R*

m Excess risk : The excess risk of h is equal to R(h) — R* (always non-negative).
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Bayes Risk Systemx

m By the law of total expectation we have : E[Z] = E[E[Z|T]]. We can then write
R(h) = E[E[L(Y, h(X))|X]] = Bz py [E[L(Y, A(X))|X = 2]] = Ean py [r(2]2)]
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Bayes Risk Systermx
m By the law of total expectation we have : E[Z] = E[E[Z|T]]. We can then write
R(h) = E[E[L(Y, h(X))|X]] = Bz py [E[L(Y, A(X))|X = 2]] = Ean py [r(2]2)]
m if we consider the conditional risk (deterministic function)
r(h(z)|z) = E[L(Y, h(z))| X = z],

this leads to
R(h) = E[r(M(X)[|X)].
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Bayes Risk System

m By the law of total expectation we have : E[Z] = E[E[Z|T]]. We can then write
R(h) = E[E[L(Y, h(X))|X]] = Bz py [E[L(Y, A(X))|X = 2]] = Ean py [r(2]2)]

m if we consider the conditional risk (deterministic function)
r(h(z)|z) = E[L(Y, h(z))| X = z],

this leads to
R(h) = E[r(M(X)[|X)].

Given the distribution Y| X = x for any z, the optimal predictor A* is known : R(h) is
minimized at a Bayes predictor h* : X — ) satisfying

Vo e X,h"(x) € argrréilr}]E[Z(Y, 2)|X = z].
The Bayes risk R* is the risk of all Bayes predictors and is equal to

R* = R(W) = Eapy | inf EJ(Y, h(@))|X = 1]
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Optimal prediction functions Systemx

m In classification, i.e Y = {0,1} or Y = {1,..., K}, under the (0-1)-loss,
Ly, h(z)) = Lp(s)y, the best predictor is

h*(z) € arg Jnax P(Y = h(z)|X = ).
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Optimal prediction functions Systemx

We have the conditional risk :

EL(Y,h( X)X =2] = E[lyx)zv|X = 2]
PIA(X) # Y|X = a]
= 1-PY =h(X)|X =z],

then
h* min E[{(Y,h(X))|X ==z
(z) € argh( %ey [L(Y, h(X))] ]
= i 1-PY =h(X)|X ==z
argh(mgrel { [ (X)] 1}

= arg jmax P(Y = h(X)|X =x)
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Optimal prediction functions Systemx

m This why under this loss Bayes' risk corresponds to the MAP - Maximum A
Posteriori principle
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Optimal prediction functions Systemx

m In regression, i.e Y = R, under the square loss, £(y, h(z)) = (h(z) — y)?, the best
predictor is
h*(z) = E[Y|X = z]
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Optimal prediction functions Systemx

We have the conditional risk :

R(h(z)) = E[L(Y, h(X))|X = ]

E[(h(X) = Y)*|X = a]
= [0 - vl
optimizing the Risk by differentiating w.r.t h(x) and setting the derivative to O :

D~ -

) — y)p(ylz)dy

I
[N}
—
—
>
=
8

2[h(z) / p(ylz)dy — / yp(ylx)dy] = 2(h(x) — E[Y|X = 1)
| S —

1

which is zero at h(z)* = E[Y|X = z] then

h*(z) = arg h%n)inyIE[Z(Y, h(X))|X =z] =E[Y|X = 2]
x)E

F. CHAMROUKHI Statistical Learning



Empirical Risk Minimization Systemx

m Then Expected loss R(h) depends on the joint distribution P of the pair (X,Y).
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Empirical Risk Minimization Systemx

m Then Expected loss R(h) depends on the joint distribution P of the pair (X,Y).

X In real situations P is in unknown, as we only have a sample D,, = (X;,Y:)1<i<n,
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Empirical Risk Minimization Systemx

m Then Expected loss R(h) depends on the joint distribution P of the pair (X,Y).
X In real situations P is in unknown, as we only have a sample D,, = (Xz-,Yi)lgign,

— We attempt to minimize the Empirical Risk
1 n
Rn(h) = — > Y, h(X5))
=1

to estimate h (within a family H) :

hn € arg }Lnel?r{l R, (h).
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Empirical Risk Minimization Systemx

m Then Expected loss R(h) depends on the joint distribution P of the pair (X,Y).
X In real situations P is in unknown, as we only have a sample D,, = (Xiyyi)lﬁignv

— We attempt to minimize the Empirical Risk
1 n
Rn(h) = — > Y, h(X5))
=1

to estimate h (within a family H) :
hn € arg min R, (h).

Why this is relevant ? Note : By the Law of Large Numbers,
(S0 (i, h(X:))n 5 E[6(Y, h(X))] (the empirical mean converges to the true

mean in probability), then
(Ra(h))n = R(R)
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Empirical Risk Minimization Systemx

Goal : of supervised learning : estimate h™, knowing only the data D,, and loss ¢.
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Empirical Risk Minimization Systemx

Goal : of supervised learning : estimate h™, knowing only the data D,, and loss ¢.

Fitting/Estimation/Learning : The objective is to construct a fit (estimate,
learning) h, of the unknown function h to an observed sample (training set) Dy
by minimizing R,
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Example : Ordinary Least Squares (OLS) Systei”

MSE and Ordinary Least Squares (OLS) :

m The standard loss for regression is the squared loss : £2(x, y, h(z)) = (y — h(z))?.
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Example : Ordinary Least Squares (OLS) Systei”

MSE and Ordinary Least Squares (OLS) :
m The standard loss for regression is the squared loss : £2(x, y, h(z)) = (y — h(z))?.
m ERM: R
hn € arg irgg R, (h)

where the empirical risk R, (h) under the square loss is the empirical squared loss®

Z 1Y — h(X3)[3

1. also called the Mean Squared Error (MSE), or the mean Residual Squared Sum
(RSS) when the ML problem is phrased as an error model Y = h(X) +¢€, e ~p
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Example : Ordinary Least Squares (OLS) Systei”

MSE and Ordinary Least Squares (OLS) :

m The standard loss for regression is the squared loss : £2(x, y, h(z)) = (y — h(z))?.

m ERM :
h, € arg irgg R, (h)

where the empirical risk R, (h) under the square loss is the empirical squared loss®

Z 1Y — h(X3)[3

m h, is known as the Ordinary Least Squares (OLS) Estimator of h,

1. also called the Mean Squared Error (MSE), or the mean Residual Squared Sum
(RSS) when the ML problem is phrased as an error model Y = h(X) +¢€, e ~p
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Example : Ordinary Least Squares (OLS) Systei”

MSE and Ordinary Least Squares (OLS) :

The standard loss for regression is the squared loss : £2(x,y, h(z)) = (y — h(z))?.

m ERM :

~

hn in Ry, (h
GargﬁrélﬂgR (h)

where the empirical risk R, (h) under the square loss is the empirical squared loss®

n

Ralh) = = 3" 1Y = h(XD) I

=1

~

hy is known as the Ordinary Least Squares (OLS) Estimator of h,

m Consider H = {hg(x) = a+ BT x}, the set of linear functions in 2 of the form 67z
with = (1,27)7, and 0 = (a, 87)7.

1. also called the Mean Squared Error (MSE), or the mean Residual Squared Sum
(RSS) when the ML problem is phrased as an error model Y = h(X) +¢€, e ~p
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Example : Ordinary Least Squares (OLS) Systei”

MSE and Ordinary Least Squares (OLS) :

The standard loss for regression is the squared loss : £2(x,y, h(z)) = (y — h(z))?.

m ERM :

T in R (h
€ arg min (h)
where the empirical risk R, (h) under the square loss is the empirical squared loss®

n

Ralh) = = 3" 1Y = h(XD) I

1=1
m h, is known as the Ordinary Least Squares (OLS) Estimator of h,

m Consider H = {hg(x) = a+ BT x}, the set of linear functions in 2 of the form 67z
with = (1,27)7, and 0 = (a, 87)7.

= Solution : 8, = (X7X) 'X”Y, whenever XX has full rank.
(X =(x1,...,2,)T and Y = (Y1,...,Y,,)T)

1. also called the Mean Squared Error (MSE), or the mean Residual Squared Sum
(RSS) when the ML problem is phrased as an error model Y = h(X) +¢€, e ~p
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Excess Risk Decomposition Systemx
m Suppose that a learning algorithm chooses the predictor from a class #H, and define
hy = arg hnel7f-t R(h)

m Let h" be the best predictor, i.e which achieves the Bayes risk :

R*=R(h*)= inf  R(h)

1
heall possible h
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Excess Risk Decomposition Systemx

m Given any h, € H, the excess risk of h,, R(hn) — R*, which compares the risk of
h to the Bayes optimal prediction function h*, can be decomposed as

~ ~

R(hn) — R* = R(hn)—R(h%n)+ R(h%) — R”

Estimation Error Approximation Error
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Excess Risk Decomposition Systei”

m Given any h, € H, the excess risk of h,, R(hn) — R*, which compares the risk of
h to the Bayes optimal prediction function h*, can be decomposed as

~ ~

R(hn) — R* = R(hn)—R(h%n)+ R(h%) — R”

Estimation Error Approximation Error

m The approximation error : R(hy,) — R” is deterministic and is caused by the
restriction to the class H rather than all possible functions.

— It is a property of the class H. Bigger H implies smaller approximation error.
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Excess Risk Decomposition Systei”

m Given any h, € H, the excess risk of h,, R(hn) — R*, which compares the risk of
h to the Bayes optimal prediction function h*, can be decomposed as

~ ~

R(hn) — R* = R(hn)—R(h%n)+ R(h%) — R”

Estimation Error Approximation Error

m The estimation error R(h,) — R(h) is caused by the usage of a finite sample that
cannot completely represent the underlying distribution. It is random.

— With smaller H we expect smaller estimation error.
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Excess Risk Decomposition Systei”

m Given any h, € H, the excess risk of h,, R(hn) — R*, which compares the risk of
h to the Bayes optimal prediction function h*, can be decomposed as

~ ~

R(hn) — R* = R(hn)—R(h%n)+ R(h%) — R”

Estimation Error Approximation Error

— Trade-off : When the “number” of models in H (e.g., number of parameters in O)
grows, the approximation error goes down, while the estimation error goes up, and
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ERM Overview in Practice Systei”

m Given a loss function /.
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ERM Overview in Practice Systeri”

m Given a loss function /.

m Choose a hypothesis space H.
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ERM Overview in Practice Systemx

m Given a loss function /.
m Choose a hypothesis space H.

m Use an optimization method to find the Empirical Risk Minimizer (ERM) :

~ 1
hn € argmin — ;Z(yz,h(atz)).
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ERM Overview in Practice Systemx

m Given a loss function £.
m Choose a hypothesis space H.
m Use an optimization method to find the Empirical Risk Minimizer (ERM) :

~ 1
hn € argmin — ;Z(yz,h(mz)).

< Data Scientist’s Role : Choose H to balance approximation and estimation
error.

— As we get more training data, we can use a larger H.
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ERM Overview in Practice Systei”

m Given a loss function £.
m Choose a hypothesis space H.
m Use an optimization method to find the Empirical Risk Minimizer (ERM) :

~ 1
hn € argmin — ;Z(yz,h(a:z)).

< Data Scientist’s Role : Choose H to balance approximation and estimation
error.

— As we get more training data, we can use a larger H.

Optimization Error :

m In practice, we very often need an optimization method to find I € H.
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ERM Overview in Practice Systei”

m Given a loss function £.
m Choose a hypothesis space H.
m Use an optimization method to find the Empirical Risk Minimizer (ERM) :

~ 1
hn € arg min Zé(yi, h(z:)).
i=1

< Data Scientist’s Role : Choose H to balance approximation and estimation
error.

— As we get more training data, we can use a larger H.

Optimization Error :
m In practice, we very often need an optimization method to find I € H.

m However, we may not find the exact ERM hn. Instead, we find an approximation
hn € H that is hopefully good enough, and in some cases, hn may generalize
better than Ay, (i.e., achieves a lower true risk R(hn) < R( n)) due to
regularization or improved numerical stability, early stopping, etc
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Decomposition Systemx

Optimization Error :

m Measures the difference in true risk between the empirical risk minimizer hy and
the function h,, returned by the optimization algorithm.

m Optimization error is defined as :

Optimization Error = R(hy,) — R(?Ln)
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Decomposition Systemx

Optimization Error :

m Measures the difference in true risk between the empirical risk minimizer hy and
the function h,, returned by the optimization algorithm.

m Optimization error is defined as :

Optimization Error = R(hy,) — R(?Ln)

m This error can be negative (if optimization finds a better function than ﬁn due to
regularization or numerical properties as explained in the previous slide).
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Decomposition Systemx

Optimization Error :

m Measures the difference in true risk between the empirical risk minimizer hy and
the function h,, returned by the optimization algorithm.

m Optimization error is defined as :

Optimization Error = R(hy,) — R(ﬁn)

m This error can be negative (if optimization finds a better function than ﬁn due to
regularization or numerical properties as explained in the previous slide).

Excess Risk Decomposition :

m The excess risk of A, can be decomposed as :

Excess Risk(hn) = R(hy) — R(h")
= R(hn) — R(hn) + R(hn) — R(ha) +R(ha) — R(h").

Optimization Error Estimation Error Approximation Error

F. CHAMROUKHI Statistical Learning



Optimization Error Systei”

m Optimization error can be negative (but the excess risk is always non-negative) :
Optimization does not always return the ERM h,,, but sometimes finds a better
function h,, that generalizes better (achieving smaller true risk R).

m Example : by Regularization. Regularization prevents overfitting and can improve
generalization, resulting in a lower true risk R.
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Optimization Error Systei”

m Optimization error can be negative (but the excess risk is always non-negative) :
Optimization does not always return the ERM h,,, but sometimes finds a better
function h,, that generalizes better (achieving smaller true risk R).

m Example : by Regularization. Regularization prevents overfitting and can improve
generalization, resulting in a lower true risk R.

m Example : We train a logistic regression classifier with the log loss :
~ 1<
h, = arg irélqr_% - Zl L(yi, h(zi))
i—

Instead of attempting to solve this exactly, we use ¢2-regularization (Ridge
penalty) : hn, = argminpen = o1, (yi, h(zi)) + A Al
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Optimization Error Systei”

m Optimization error can be negative (but the excess risk is always non-negative) :
Optimization does not always return the ERM h,,, but sometimes finds a better
function h,, that generalizes better (achieving smaller true risk R).

m Example : by Regularization. Regularization prevents overfitting and can improve
generalization, resulting in a lower true risk R.

m Example : We train a logistic regression classifier with the log loss :
~ 1<
h, = arg glgl{tl - Zl L(yi, h(zi))
i—

Instead of attempting to solve this exactly, we use ¢2-regularization (Ridge
penalty) : h, = argminpen = > i, L(yi, h(zi)) + Al|h||*>. Then we can get
R(hn) < R(Tzn) (if X is well-chosen, avoiding underfitting or overfitting)

m This leads to an apparent negative optimization error, but it is due to
regularization : Regularization Effect = R(h,,) — R(h,) <0

m However, this is not always due to optimization — it is due to regularization.
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Optimization Error Systei”

Why can regularization improve true risk R ?

Regularization improves generalization by reducing variance.

Logistic regression without regularization can produce very large coefficients,
leading to poor generalization.

Avoiding poorly conditioned solutions helps in optimization stability.

SGD/momentum methods can converge to flatter (less-sharp) minima thus more
stable (to small data deviations) that generalize better.

Early stopping in neural networks prevents overfitting by stopping training when
validation error increases.

For a reminder on optimization principles and algorithms, see my course :

Optimization for Machine Learning available at : https://chamroukhi.com/teaching.php
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Excess Risk and Kullback-Leibler Divergence Systemx

m Consider the log-loss : £(y, ho(x)) = —log(pe(z,y))
m The risk under this loss is R(0) = Ep[¢(Y, ho(X))] = Ep[—logps(X,Y)]
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Excess Risk and Kullback-Leibler Divergence Systemx

m The excess risk of 0

R(0) —R® = Ep[-logpe(X,Y) +logpe~(X,Y)]
Pox (Xv Y)]

Do (X, Y)
J1o8 2B 0.y ap(ay)
= KL(po-[lpo)
> 0:

= Epllog

which is equal to KL(pe+||pe), the Kullback-Leibler divergence between pg and pe«
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Excess Risk and Kullback-Leibler Divergence Systemx

m Note : KL(po+||ps) = 0 holds if and only if pg~ = pe.

m Although not a distance measure (not symmetric), the KL-divergence measures
the discrepancy between two distributions.
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Maximum Likelihood Estimation
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Maximum Likelihood Estimation Systemx

m Def. Likelihood function : The likelihood function for model h is the joint pdf of
the observed data given h

L(h) = P(D|h) = P({(xi,y:)i=1}|h)
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Maximum Likelihood Estimation Systemx

m Def. The Maximum Likelihood Estimator : Maximum likelihood estimation seeks
for the model A that fits best the data : The Maximum Likelihood Estimator
(MLE) is then a maximizer of the likelihood function, i.e :

hn € arg max L(h).
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Maximum Likelihood Estimation Systemx

m Note : Since the log function is strictly increasing, then, the MLE is preferentially
performed (for notably numerical reasons, and sums are easier to work with than
products) by maximizing the log-likelihood :

~

hn log L(h).
Gargglneaﬁ( og L(h)
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Parametric models

A probabilistic model on a data space X is a family of probability distributions indexed
by 6 € ©. We denote this as

P = {py(z);0 € ©}

where 0 is the (vector of) parameter(s) and © is the parameter space.
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Parametric models Systemx

Def. Parametric model of distributions

A probabilistic model on a data space X is a family of probability distributions indexed
by 6 € ©. We denote this as
P ={po(z);0 € O}

where 6 is the (vector of) parameter(s) and © is the parameter space.

m Bernoulli : pg(z) = Pp(X = ) 0%(1—6)' =" with X = {0,1} and 0 € © = [0, 1]
m Binomial : pg(z) =Pe(X = ( Jv* (1 —v)' " with X = {0,1,..., N} and

0= (N,v)e ©®=Nx|[0, 1]
m Univariate Gaussian : pe(z) = @(2; u,0°) = - 1% exp (—3(2£)%) with X =R

and 6 = (p,0%) €O =R xR
m multivariate Gaussian : ¢a(@; p, X) = —F— exp (—5(x — p)' S (z — p))
(2m)2 [2[2
with X = R and @ = (u',vech(Z)') € © = R x 8% ; The set of symmetric
positive definite matrices on R? : S¢, = {£ e R : ¥ =% and ¥ = 0}
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Examples of MLE

m Bernoulli : pg(z) = P(X = z|0) = 6*(1 — 0) =% with X = {0,1} and 6 € © = [0, 1]
m MLE: 0 = %Z?zl X;.

MLE : § = arg maxg log L(0). By independence and identical distribution, we have

log L(0) =logP(X1 = z1,..., Xn = @n; 0) = log [T P(X; = z;;6)
— log [T, 6% (1 — o)1=
=37 zilogh + >0 (1 —x;)log(l—0)
%@ 5 El 1T — 1_9 >4 (1 — z;), which is zero at

’;‘Z?:lwi_ —‘Z 1(1—%) =0
Q-0 e -0 (1 —x) =0
S —nf=0

=11 X,

n
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Examples of MLE

m Univariate Gaussian : pg(z) = ¢1(z; p,02) = a\}ﬂ exp (—%(%5)2) with X = R and
0= (u0?)€eO0=RxR4
m MLE: 0= (7,63 with = 237 | X; and 62 = 2 37 | (X; — 10)2.

MLE : 8 = arg maxg log L(9).

5 5 ool _;(wf
log L(p,0°) =logp(X1 =z1,...,Xn =2n;u,0 )=10gH e 2\ @

=1 ovV2m
= 1 1 & n n 1 &
:Elo———g zi—p)2=—=log2r — —lo 0'2——2 z; — )2
= g(r\/ﬂ 202 i=1(z 2 2 8 2 8 202 z‘=1(z 2
AL (p,02 AL (p,02
We have 2E080™) — 1530 | (g — ) and 2EUeg™) = —m g LSS ()2,

which are zero at

AL(f,o2 ~ ~
OLELrD) 0= Y (X - ) =0=fi= L X0, X;

L (p,52 ~ N ~
OLWST) = 0 = —n5? + Y0 (2 — )2 =32 = L 30 (X; — )2
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When MLE coincides with ERM | Systemx

m Consider the parametric setting :

m MLE (density estimation framework) : We seek for an esitmator of the parameters
0 of the joint distribution pg(z,y). For an independent and identically distributed
(iid) sample {(zi,yi)i=1}, the log-likelihood function of 6 is :

log L(0) = Z log pa (i, yi)-
i=1

m ERM : We seek for a predictor hg given a training set {(zi, y:)i=1} from po(z,y).
Consider the log-loss :

f(y7 hg(m)) = - IOg(pG(‘T7 y))

The corresponding empirical risk is by definition
1o 1o 1
Ra(0) = = 3" Uy, hai)) = =2 S log (i, i) = - log L(0)
i=1 i=1

— With the log-loss, ERM coincides with MLE.
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qutéfﬁ;?

Examples :
MLE coincides with OLS (ERM) in Gaussian regression (see later)
MLE coincides with ERM in Logistic regression (see later)
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Conditional maximum likelihood risks Systemx

m In some situations, we are interested in estimating the conditional distribution
P(Y|X), rather than the joint distribution P(X,Y).
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Conditional maximum likelihood risks Systemx

m As we'll see it later, this is the case for example in discriminative learning (eg.
logistic regression for classification, or Gaussian linear regression with non-random
predictors) where we do not need to define a distribution of X.
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Conditional maximum likelihood risks Systemx

m In the parametric setting, we therefore have the conditional log-likehood risk
R(0) = —E[log ps (Y] X)]
and the corresponding conditional empirical risk

1 n
Bn(0) = -~ > logpo(yilz:)
=1

which coincides with the conditional log-likehood.
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Conditional maximum likelihood risks Systemx

Example : Logistic Regression :
m Logistic Regression model : pg(y|x) = mo(x)¥(1 — 7o (x))' ¥ with y € {0,1},

T
and 7o(x) = 0(Bo + B x) = % is the logistic function.
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Conditional maximum likelihood risks Systemx

Example : Logistic Regression :
m Logistic Regression model : pg(y|x) = mo(x)¥(1 — 7o (x))' ¥ with y € {0,1},
and 7o () = o(Bo + BT x) = %% is the logistic function.
m Empirical risk :

1 n
Rn(0) = - > "logpe(yilz:)
=1
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Conditional maximum likelihood risks Systemx

Example : Logistic Regression :
m Logistic Regression model : pg(y|x) = mo(x)¥(1 — 7o (x))' ¥ with y € {0,1},
and 7o () = o(Bo + BT x) = %% is the logistic function.
m Empirical risk :

1 n
R,(0) = - Z log pe (yi|x:)

7;2105%71’9 ]771’9(1)) L/’]

n

= yilogm(wi;0) + (1 —yi) log (1 — 7(s; )

i=1
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Conditional maximum likelihood risks Systemx

Example : Logistic Regression :
m Logistic Regression model : pg(y|x) = mo(x)¥(1 — 7o (x))' ¥ with y € {0,1},

T
and 7o(x) = 0(Bo + B x) = % is the logistic function.

m Empirical risk :

1 n
Rn(0) = - Zlogpe(yi|$i)
**;Z oglme(z ]*7?9(1)) ¥
= Zy,r log m(; 0) + (1 — yi) log (1 — 7 (zi; 6))
—

= *% > wi(Bo+ B @) —log(1 + exp(Bo + B 1))

Conditional log-likelihood L(6)

< Then we have : arg ming R, (f) = arg maxg log L(6).
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When OLS coincides with MLE

Let y € R and X = R” and onsider the following model

Yi = h(Xi;B8) +e with &]X ~N(0, o?)
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When OLS coincides with MLE

Let y € R and X = R” and onsider the following model

Yi = h(Xi;B8) +e with &]X ~N(0, o?)

m Empirical Squared Risk : under the square loss, R.(8) = L 3" (y; — h(zi; B))°
m Empirical Risk Minimizer : 8, = arg ming R, (3)
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When OLS coincides with MLE System

Let y € R and X = R” and onsider the following model

Yi = h(XsB) +ei with ] X ~N(0, o?)

m Empirical Squared Risk : under the square loss, R,.(3) = £ > " | (yi — h(zxi; B))>
m Empirical Risk Minimizer : ﬁn = argming R, (0)
m Conditional Maximum Likelihood Risk

Data model : Y;| X, g;N(h(Xi;,[i),az) :po(yi|T:) = —

oV2m

%(y—h(awi;ﬁ‘))2

n

log L(0) = Y. logpe(yilz:) = — 52z Y (yi — h(zi;8))* — Zlogo® — 2 log(2)

i=1

x<Rn(B)
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When OLS coincides with MLE Systeinx”

Regression with Gaussian errors
Let y € R and X = R” and onsider the following model

Yi = h(Xi;B8) +e: with &]X ~ N(0,5°)

Empirical Squared Risk : under the square loss, R.(8) = 2 37 (yi — h(=zi; B))*
Empirical Risk Minimizer : Bn = argming R, (0)

m Conditional Maximum Likelihood Risk
-1 (y—h(ﬂ:i;ﬁ) )2

Data model : Y;| X, :\J./\/'(h(Xi;ﬁ),a'Z) s polyi|®i) = 127{6
log L(0) = 3", log pe(yilz:) = 7%2 — h(z:;8))* — 2 logo” — 2 log(2m)
ocRn (B)

~

m Conditional MLE : = 3, = arg maxg log L(0)
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When OLS coincides with MLE Systeinx”

Regression with Gaussian errors
Let y € R and X = R” and onsider the following model

Yi = h(Xi;B8) +e: with &]X ~ N(0,5°)

m Empirical Squared Risk : under the square loss, Rn(8) = L 37" (y; — h(zi; 8))°
m Empirical Risk Minimizer : Bn = arg ming R, (3)
m Conditional Maximum Likelihood Risk

5 1 _;(y—h(wi;ﬁ))z
Data model : Y;| X, _f;N(h(Xi;ﬁ),a ) : po(yilxi) = 2 g

27

log L(0) = 3", log pe(yilz:) = 7%2 — h(z:;8))* — 2 logo” — 2 log(2m)

o<Rn(B)
m Conditional MLE : = 3, = arg maxg log L(6)
< Then we have : argming R, (8) = argmaxg log L(0).
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When OLS coincides with MLE Systeinx”

Regression with Gaussian errors
Let y € R and & = R? and onsider the following model

Yi = h(Xi;B8) +e: with &]X ~ N(0,5°)

m Empirical Squared Risk : under the square loss, Rn(8) = L 37" (y; — h(zi; 8))°
m Empirical Risk Minimizer : Bn = arg ming R, (3)
m Conditional Maximum Likelihood Risk

5 1 _;(y—h(wi;ﬁ))z
Data model : Y;| X, _f;N(h(Xi;ﬁ),a ) : po(yilxi) = 2 g

27

log L(0) = 3", log pe(yilz:) = 7%2 — h(z:;8))* — 2 logo” — 2 log(2m)

ocRn (B)
m Conditional MLE : = 3, = arg maxg log L(6)
< Then we have : argming R, (8) = argmaxg log L(0).
L] Remark For both we can take the sample variance as an estimator of the variance
o? =150 (Y- h(XZ,ﬂ)) which is the Maximum-Likelihood Estimator
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Overview Systei”

m Data Representation : A random pair (X,Y) € X x ), where X contains input
features and Y is the target output.
m Supervised learning aims to find a prediction function h : X — ) that provides a
good approximation of the true output y.
m Loss Function {(y, h(z)) : Measures the error in predicting Y using h(X).
m Risk Function R(h) = E[{(Y,h(X))] : Expected loss over the data distribution. It
measures the generalization performance of h.
m Bayes Risk : The lowest achievable risk, attained by the optimal prediction
function h*. Optimal Decision Rules :
» Bayes Classifier : h*(z) = arg max,cy P(Y = y|X = x) minimizes
classification error under 0-1 loss.
» Optimal Regression Function : h*(z) = E[Y|X = x] provides the
best prediction error under the squared loss.
m Empirical Risk Minimization (ERM) finds h by minimizing the empirical risk :
Rn(h) = 237" U(yi, h(x:)) using an optimization method.
m The Excess Risk R(h,) — R(h*) of a learned model h,,, can be decomposed as
sum of an approximation error, anestimation error, and an optimization error.
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Overview Systei”

Data Scientist’s Role :
m Choose a hypothesis space H that balances approximation and estimation error.
m Adjust H as more data becomes available to improve approximation.
m More data implies a larger hypothesis space H, reducing approximation error.
m Use optimization algorithms to minimize empirical risk Ry, (h).
m Regularization and optimization impact the final model ?s performance.

m Regularization (e.g., in logistic regression) prevents overfitting and improves
generalization.

m Optimization can sometimes outperform ERM, e.g., regularized logistic
regression may yield a lower true risk.

F. CHAMROUKHI Statistical Learning 33/34



Next slides topics Systei”

See Later :

m Bias-Variance Decomposition

m Practical illustrations (Risks, Bayes Risk, Bias-Variance
Tradeoff, etc)
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